breakers (CBs). The occurrence of VFTO in a large shell-type transformer was reported in [8] and [9] , where it was demonstrated that internal resonances occur and that interturn voltages can rise to such a high value that an insulation breakdown can take place. Multiple reignitions can occur during the switching of transformers and motors with vacuum CBs (VCBs), because of the ability of VCBs to interrupt high-frequency currents. The development process of multiple reignitions has been traced in detail [14] , [15] . It has been shown that the problem is not caused by the VCB or the transformer, but by an interaction of both [10] . It is therefore imperative to ascertain the speed at which transient oscillations propagate inside the windings and the coils and to identify the possible reason for a potential transformer failure.
In order to study the propagation of transients, a model is needed which is able to simulate the voltage distribution along the transformer winding. In [1] [2] [3] [4] , techniques of lumped parameter models are presented. Recent publications have revealed that the type of transformer winding is important for the choice of transformer model. In [8] , it was demonstrated that a hybrid model based on multiconductor transmission-line theory could be successfully applied to describe the wave propagation in large shell-type transformers. In [11] and [12] , two types of models were presented for transformers with interleaved windings; one was based on multiconductor transmission-line theory, while another was based on coupled inductances and capacitances. The last one uses a modified modal approach that is described in [7] . The advantage of the latter model is that it lends itself to the use of existing simulation software such as the Electromagnetic Transients Program (EMTP). Models based on multiconductor transmission-line theory can be applied if frequency analysis is used. This model is purely numerical and the losses and proximity effects, normally represented in a wide frequency range can be easily taken into account.
New developments in EMTP and Matlab have opened up possibilities for simulating very large circuits of coupled elements. The disadvantage is that resistances must be constant with the frequency. Usually, they are estimated for a constant frequency so that they give the same power factor for an -circuit with constant resistance compared with an -circuit where is frequency dependent [16] .
This disadvantage is precluded when frequency analysis is used. The resistance can be calculated for each frequency. However, the drawback of frequency analysis is the high order of the inductance and capacitance matrices that describe the transformer coils. Apart from that, the inverse Fourier transform is normally conducted at discrete frequencies by applying 0885-8977/$20.00 © 2006 IEEE fast Fourier transform (FFT) analysis. An accurate inversion to time domain is achieved by applying a continuous inverse Fourier transform. This generally requires long computation time or may even be unrealizable because of the large frequency spectrum, which requires operation with very large matrices.
The transmission-line theory has been reported as efficient for the analysis of transients in motor windings [17] [18] [19] .
This paper presents a model based on multiconductor transmission-line theory for a 15-kVA single-phase test transformer with layer-type windings. The results of the voltage transients computed at the end of the first and the second layer were compared with laboratory measurements. The method is also applied for the analysis of the interturn voltages.
II. MODEL FOR DETERMINATION OF THE LINE-END VOLTAGES ON THE HIGH-VOLTAGE WINDING
The origin of multiconductor transmission-line modeling (MTLM) is described through the theory of natural modes in [11] and [20] . When a network of coupled lines exists, and when and are the impedance and admittance matrices, which are the self and mutual impedances and admittances between the lines, then (1) where and are incident voltage and current vectors of the line. Note that . Applying the modal analysis, the system can be represented by the following two-port network: (2) where (3) In (2) and (3) , current vectors at the sending and the receiving end of the line; , voltage vectors at the sending and the receiving end of the line; matrix of eigenvectors of the matrix ; eigenvalues of the matrix ; length of the line.
The system representation in (2) was applied for the computation of transients in transformer windings.
Distribution transformers are normally constructed with a large number of turns, and it would be ideal to compute voltages in every turn by representing each turn as a separate line. This implies that the model has to operate with matrices that contain a huge number of elements, which is too large to be stored in the average memory of presently available desktop computers. A practical solution is to reduce the order of the matrices. This can be achieved by grouping a number of turns as a single line so that the information at the end of the line remains unchanged, as in the case when separate lines are used [8] , [9] . This approach is used for layer-type modeling. Fig. 1 shows the representation of the windings by transmission lines.
At the end, the line is terminated by impedance . This means that only a group of turns can be examined and the other turns of the transformer winding can be represented by equivalent impedance. As the equivalent impedance has a significant influence, it must be calculated accurately for each frequency. In [17] , a method is proposed for estimating this impedance accurately. Hybrid modeling gives a good approximation for layer-type windings. The transformer is therefore modeled on a layer-to-layer basis instead of a turn-to-turn basis. Applying In (4), and are square matrices of the th order calculated by (3) . The following equations hold for Fig. 1 :
By using these equations and making some matrix operations (see Appendix A), (4) can be expressed as
When we observe the model on a layer-to-layer basis, then ; hence, (5) can be rewritten as
where (7) and is the inverse matrix of the matrix . is a square matrix of order that contains the values of (7). One can note that the element in (5) is the terminal admittance of the transformer.
The voltages at the end of each layer can be calculated when the voltage at the input is known and the corresponding transfer functions are calculated. The time-domain solution results from the inverse Fourier transform real (8) In (8), the interval , the smoothing constant , and the step frequency length must be properly chosen in order to arrive at an accurate time-domain response [20] . The modified transformation requires the input function to be filtered by an window function. To compute the voltages in separate turns, the same procedure can be applied.
III. TEST TRANSFORMER

A. Transformer Description
To calculate the voltage transients in transformer windings, it is important to determine the transformer parameters with higher accuracy. These parameters are the inductances, the capacitances, and the frequency-dependent losses. The modeling approach depends heavily on the transformer construction and the type of windings. The test transformer in this case is a singlephase layer-type oil transformer. Fig. 2 shows the transformer during production in the factory.
The primary transformer winding consists of layers with a certain number of turns; the secondary winding is made of foiltype layers. The transformer is equipped with special measuring points in the middle and at the end of the first layer of the transformer high-voltage side, and also at the end of the second layer. All measuring points can be reached from the outside of the transformer and measurements can be performed directly at the layers. Table I shows the transformer data. Fig. 3 shows the capacitances that are necessary for the computation of the fast transients inside the windings. These were calculated by using the basic formulas for plate and cylindrical capacitors. This is allowed because the layers and turns are so close to each other that the influence of the edges is negligible.
B. Determination of the Transformer Parameters 1) Capacitance:
The capacitances between the turns are important for the computation of transients in the turns. However, since the very large dimensions of the matrix prevent the voltages in each turn from being solved at one and the same time, a matrix reduction can be applied [21] , [22] so that the order of matrices corresponds not to a single turn but to a group of turns. In this way, the voltages at the end of the observed group of turns remain unchanged. Later, these voltages can be used for the computation of the voltage transients inside a group of turns. Capacitances between layers and capacitance between the primary and the secondary winding were calculated straightforwardly by treating the layers as a cylindrical capacitor.
The capacitances to the ground are small in this case and are estimated at less than 1 pF. These are the capacitances from the layers to the core. We can see in Fig. 2 that only a part of the surface of the layers is at a short distance from the core and that it is mostly the geometry of the surface that influences the value of . This is explained in Appendix B. Another method is based on the extension of the width of the layer halfway into the barrier on either side of the layer [4] . The capacitances to ground are the capacitances that govern the static voltage distribution. Fig. 5 shows the calculated static voltage distribution of each layer for a unit input voltage. When the ground capacitance is between 1 and 100 pF, the voltage distribution is more or less linear.
The equivalent input capacitance in Fig. 4 is approximately the same as the terminal phase-to-ground capacitance. The fact that the ground capacitances have a small value means that the phase-to-ground capacitance at the high-voltage side can be calculated as a series connection of the interlayer capacitances . Table II shows the calculated interlayer capacitances. The equivalent value that results from these capacitances is 1.21 nF. The value of the phase-to-ground capacitance at the highvoltage side is measured in two ways. An average value of 1.25 nF is measured by an impedance analyzer. The other method is the voltage divider method described in [23] . The transformer high-voltage winding is connected in series with a capacitor of a known capacitance. A square impulse voltage is injected at the input and the voltage is measured at both sides. The transformer phase-to-ground capacitance is determined with a voltage division formula. Applying this method, an average value of 1.14 nF was measured. The capacitances matrix was formed as follows:
capacitance of layer to ground and the sum of all other capacitances connected to layer ; capacitance between layers and taken with the negative sign . The capacitance matrix has the diagonal, upper diagonal, and lower diagonal elements nonzero values and all other elements are zeros.
Dividing these values with the length of a turn, the capacitance per-unit length can be calculated.
2) Inductances: The easiest way to determine the inductance matrix is to calculate the elements from the capacitance matrix (9) where the velocity of the wave propagation is calculated by (10) and and are the speed of light in vacuum and the equivalent dielectric constant of the transformer insulation, and N is the number of turns in a layer. Matrix that results from (9) should be multiplied by the vector , the elements of which are squares of the lengths of the turns in all layers. We have to point out that if matrices and are given in this form, then the length of the turn in (3) should be set to one. When using telegraphists equations, it is a common practice to represent the matrices and with their distributed parameters. Therefore, when the capacitance matrix contains the distributed capacitances of the layers, the vector in (9) should be omitted. But regarding the reduction of the order of matrices and applying other formulas for computation of inductances, which are more convenient to calculate the inductances in [H] and not in [H/m], it is shown that it is not necessary to represent the parameters with their distributed values.
Equation (9) is justified for very fast transients when the flux does not penetrate into the core, and when only the first a few microseconds are observed [17] , [24] . The inductances can also be calculated by using the basic formulas for self-and mutual inductances of the turns [22] , the so-called Maxwell formulas.
For turns as represented in Fig. 6 , the self-inductance can be calculated as [25] (11) where and are the radius and the diameter of the turn. Radius is calculated as a geometrical mean distance of the turn. The mutual inductances between turns and in Fig. 6 are obtained considering the two conductors as two ring wires (12) where ; , , and are the positions shown in Fig. 6 ; and and are complete elliptic integrals of the first and second kind.
In this case, it is assumed that the flux does not penetrate inside the core and a zero-flux region exists. Therefore, the obtained self-and mutual inductances are compensated and
The and are fictitious ring currents at the zero-flux region with radius with directions opposite to those of turns and . The method applied here holds for inductances on a turn-to-turn basis. The large matrix can be reduced by applying a matrix reduction method based on the preservation of the same flux in the group of turns [21] . The reduction process is simply the addition of elements in the new matrix as shown in Fig. 7 .
Formulas such as those published in [5] , [25] , and [26] can also be used. The computed matrix according to (11) - (13) is shown in the Appendix. The values of the matrix computed by (9) are lower than the values computed by the accurate formulas (11)- (13) . Applying (5), the frequency characteristics of the transformer can be calculated.
3) Copper and Dielectric Losses: Losses play an essential role in an accurate computation of the distributed voltages. The losses were calculated from the inductance matrix and the capacitance matrix [12] . The impedance and admittance matrices and are then (14) In (14), the second term in the first equation corresponds to the Joule losses taking into account the skin effect in the copper conductor and the proximity effect. The second term in the second equation represents the dielectric losses. In (14) , is the distance between layers; is the conductor conductivity; and is the loss tangent of the insulation.
IV. MEASUREMENTS AND SIMULATIONS
A. Test Equipment
The equipment used for measuring the fast transients in the transformer and impedance characteristics is listed in Table III. The equipment itself is shown in Figs. 8 and 9 . 
B. Comparison of Measured and Computed Results
Terminal impedance characteristics on the primary and secondary side were measured for the transformer. Fig. 10 shows the amplitude and the phase terminal impedance characteristics for a no-loaded transformer and for a short-circuited transformer. This characteristic shows a resonant frequency below 1 kHz (during no load). This frequency is outside the scope of this paper. It can be seen that, in the case of a short-circuited transformer, the resonant frequency moves to the right and downwards.
This shows that the core has a significant influence for frequencies below 10 kHz. Above 10 kHz, the two characteristics overlap. This indicates that only a small part of the flux penetrates into the core. Fig. 11 shows the comparison between the measured and the calculated impedance characteristics. The impedance characteristics is determined by making use of matrices obtained in two ways.
C. Comparison of Measured and Computed Results
The measurement setup is shown in Fig. 8 . The measuring terminals are on the top of the transformer lid. We can see in Fig. 2 that the transformer windings are actually connected to the transformer terminals by conductors with different parameters from those used for the transformer windings. These conductors are brought to the top of the transformer through conductive insulators, and as it can be seen from Fig. 2 , they are passing close to the transformer core. The source voltage is not equal to the voltage at the first turn. The voltages measured at Fig. 12 .
Note that the voltages measured at selected points have waveshapes that differ from the shape of the source voltage. The developed model is valid only for the high-voltage transformer winding and not for the other connections that connect the transformer winding with the measuring points. So the voltage at the first turn can therefore be estimated from Fig. 5 , because the static voltage distribution is almost linear. Fig. 13 shows a comparison between the measured voltages and the calculated voltages at the end of the first and second layer that correspond to the 200th and 400th turn, respectively. In Fig. 14, a comparison between voltages calculated by different inductance matrix is presented.
D. Interturn Voltage Analysis
Interturn voltages can be calculated if we apply Fig. 1 that represents a group of turns under interest that are terminated by the terminal impedance. The terminal impedance will now be an equivalent for the rest of the turns in the transformer. We This assumption is the most accurate to predict the terminal impedance of the rest of the turns because, the few tens of turns will not change the total transformer terminal impedance significantly. This process can be applied for the rest of the group of turns iteratively so that all turn-to-ground voltages can be determined. The and matrices need to be recalculated. They are calculated on the turn-to-turn bases and the same approach can be applied as described in Chapter 3. Some results of the interturn voltage analysis for the first layer are represented in Figs. 15 and 16 , respectively.
V. DISCUSSION
The study presented here shows that transmission-line theory is suitable for representing layer-type transformers. The volt- ages at the end of the first and second layer were measured in a laboratory and simulated by applying the transmission-line theory. The voltages at the end of the other layers can be calculated in the same way. When fast surges reach the transformer terminal, interturn and interlayer insulation might suffer severe stress because of the amplitude and the steepness of the voltage transients. The measurements of the terminal impedance characteristic follow that no resonance frequencies in the high-frequency region for this particular transformer exist. Although no internal resonance was found on the high-voltage winding, for other transformers it might occur. Interturn voltage analysis shows that higher and steeper interturn voltages occur in the first layer of the transformer.
This study presents the worst-case scenario, when a steep surge is applied directly to the transformer terminal. This scenario could conceivably occur in, for instance, arc furnace systems, where the transformer is positioned close to the switchgear. When a cable is connected to the primary transformer side, the voltages will probably be less steep than in the case presented here, but this assumption needs to be further investigated.
VI. CONCLUSION
Modeling of layer-type distribution transformers by representing the turns and layers by transmission lines has been performed. The applied method is sufficient for computation of the voltages along the turns and layers when the inductance matrix and capacitance matrix are accurately determined. Inductance matrix is computed in two ways: by inversion of the and by computing it on a turn-to-turn basis with the traditionally known Maxwell formulas.
In the analysis, the proximity losses are taken into account so that the matrix is not diagonal. This way of representing the inductances and losses is sufficient for very fast transients up to a few microseconds. To observe transients with a longer period of time, which have oscillation with different frequencies such as restrikes in the CBs during switching transformers, the influence of the frequency-dependent core losses must be taken into account.
VII. FUTURE WORK
Developing an equivalent lumped parameter model will be a useful challenge for the future. Additional work will be done to include the full frequency-dependent core losses.
APPENDIX A VERIFICATION OF (5)
Equation (5) can be verified by the following approach. To simplify the proof, we will take the number of lines in Fig. 1 then is a square matrix of order 6 6. Applying the terminal conditions in (5), the following equations are valid: (A. 2) and in order to simplify (4), (A.2) are substituted in (4). If we add columns four to two, and five to three without altering the system equations, then (4) 2) where is the dielectric permittivity of the oil and is the distance between the surface and the core. Capacitance of a layer to ground is .
APPENDIX C INDUCTANCE MATRIX (mH) ACCORDING TO (11)-(13)
See the first matrix at the bottom of the next page. TO (9) See the second matrix at the bottom of the page.
APPENDIX D INDUCTANCE MATRIX (mH) ACCORDING
